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NORMALITY OF THE TWISTOR SPACE OF A 5-MANIFOLD
WITH AN IRREDUCIBLE SO(3)-STRUCTURE
JOHANN DAVIDOV
Abstract. A manifold with an irreducible SO(3)-structure is a 5-manifold
M whose structure group can be reduced to the group SO(3), non-standardly
imbedded in SO(5). The study of such manifolds has been initiated by M.
Bobien´ski and P. Nurowski who, in particular, have shown that one can define
four CR-structures on a twistor-like 7-dimensional space associated to M . In
the present paper it is observed that these CR-structures are induced by almost
contact metric structures. The purpose of the paper is to study the problem of
normality of these structures. The main result gives necessary and sufficient
condition for normality in geometric terms of the base manifold M . Examples
illustrating this result are presented at the end of the paper.
2000 Mathematics Subject Classification. 53C28; 53D15, 53B15.
Key words: irreducible SO(3)-structures, twistor spaces, almost contact met-
ric structures.
1. Introduction
It is well-known that the group SO(3) has a unique irreducible representation
in dimension five which gives a non-standard embedding of SO(3) in the group
SO(5). Recently M. Bobien´ski and P. Nurowski [4] have studied five-dimensional
oriented Riemannian manifolds admitting an irreducible SO(3)-structure, mean-
ing that their tangent frame bundle has a SO(3)-subbundle, SO(3) being non-
standardly embedded in SO(5). In general, the Levi-Civita connection does not
preserve this subbundle, which provides an example of the so-called non-integrable
geometric structures. A framework for studying such structures has been out-
lined by T. Friedrich in [7]. Among the irreducible SO(3)-structures the so-called
nearly integrable structures are of special interest. An important feature of these
structures is that they admit a (unique) characteristic connection, i.e. a metric
SO(3)-connection with totally skew-symmetric torsion [4]. Interesting geometric
properties of such structures on concrete homogeneous manifolds have been given
by I. Agricola, J. Becker-Bender, T. Friedrich [1], and a class of nearly integrable
irreducible SO(3)-structures on five-dimensional Lie groups has been studied by S.
Chiossi, A. Fino [6]. We also note that the topological obstructions for existence of
an irreducible SO(3)-structure have been found in [5] and [1].
It has been observed in [4] that every manifold M with an irreducible SO(3)-
structure admits a twistor-like space. This is a 2-sphere bundle T overM on which
one can define four almost CR-structures in a way that resembles the twistor con-
struction. In fact, these almost CR-structures are induced by almost contact metric
structures and the main purpose of this paper is to find the geometric conditions
on the base manifold M under which these almost contact structures are normal.
Recall that normality is an important property of an almost contact manifold N ,
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which means that the product manifold N × S1 is a complex manifold with the
complex structure induced by the almost contact one (cf., for example, [3]).
In Section 2 of the present paper we collect basic facts about manifolds with an
irreducible SO(3)-structure. The twistor space T of such a manifold and the four
almost contact metric structures on it are defined in Section 3. The main result of
the paper is proved in Section 4. It is not hard to see that three of the almost contact
metric structures on T are not normal. In order to state the normality result for the
fourth one, we introduce a specific tensor Q on the base manifold by means of the
curvature of its characteristic connection. We show that this almost contact metric
structure on the twistor space T is normal if and only if Q and certain components of
the torsion and the curvature of the characteristic connection vanish. Two examples
illustrating this result are given at the end of the paper. One of them provides a
new example of a non-normal almost contact metric structure which induces an
integrable almost CR-structure (as is well-known, any normal structure induces an
integrable structure [8]). Some of the computations in Chapter 4 are used in an
Addendum for giving a new proof of the integrability result in [4] for the almost
CR-structures on T. This proof reveals the role of the geometric conditions on the
base manifold obtained their for integrability/non-integrability of these structures.
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2. Irreducible SO(3)-structures
2.1. The irreducible representation of SO(3) on R5.
It is well-known that the irreducible finite-dimensional representations of SO(3)
are odd-dimensional and there is a unique irreducible representation of SO(3) on
the space R2l+1, l = 0, 1, .... Following [4], we shall describe the unique irreducible
(orthogonal) representation of SO(3) on R5 as well as an SO(3)-invariant symmet-
ric 3-form on R5 which plays a crucial role for defining 5-manifolds with SO(3)-
structure.
Let e1, ..., e5 be the standard basis of R
5. Denote by µ the isomorphism of R5
onto the space of symmetric traceless real 3× 3-matrices given by
x =
5∑
i=1
xiei → µ(x) =


x1√
3
− x4 x2 x3
x2
x1√
3
+ x4 x5
x3 x5 −2 x1√
3

 .
Then one can define an irreducible faithful representation ρ of SO(3) on R5 setting
ρ(h) · x = µ−1(hµ(x)h−1), h ∈ SO(3).
In this way we obtain a non-standard smooth embedding
ı : SO(3) →֒ SO(5)
such that ı(SO(3)) acts on R5 irreducibly. Further on, we shall often consider
SO(3) as a subgroup of SO(5) by means of the embedding ı.
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The characteristic polynomial Px(λ) = det(µ(x) − λI) of the matrix µ(x) has
the form
Px(λ) = −λ3 + g(x, x)λ+ 2
√
3
9
Υ(x, x, x),
where
g(x, x) = x21 + ...+ x
2
5
is the standard metric of R5 and Υ(x, x, x) =
3
√
3
2
det µ(x) is given by
(1)
Υ(x, x, x) =
1
2
x1(6x
2
2 + 6x
2
4 − 2x21 − 3x23 − 3x25)
+
3
√
3
2
x4(x
2
5 − x23) + 3
√
3x2x3x5.
Obviously Pρ(h)·x = Px, hence the polynomial Υ is ρ-invariant. Denote the SO(3)-
invariant symmetric 3-form on R5 corresponding to the SO(3)-invariant polynomial
Υ also by Υ.
An oriented orthonormal basis a1, ..., a5 of R
5 will be called adapted if Υ(x, x, x),
x ∈ R5, is given by the right-hand side of (1) with x1, ..., x5 being the coordinates of
x with respect to the basis a1, ..., a5. Obviously, the standard basis e = (e1, ..., e5)
of R5 is adapted. In view of the SO(3)-invariance of Υ, it is clear that the action
of SO(3) on R5 preserves the set of the adapted bases. Moreover, this action is
transitive since, by [4, Proposition 2.5], the stabilizer of Υ under the standard action
of O(5) on the symmetric 3-forms on R5 coincides with SO(3).
Now consider each W ∈ ⊗2R5 as an endomorphism of R5 given by g(W (x), y) =
g(W,x⊗ y), x, y ∈ R5, and set
Υ̂(W )(x) = 4
5∑
j=1
ΥW (ej) ◦Υej (x).
Then Υ̂ preserves the decomposition ⊗2R5 = Λ2R5 ⊕ ⊙2R5 and according to [4,
Proposition 3.3] we have the orthogonal decomposition
(2) ⊗2 R5 = Λ23 ⊕ Λ27 ⊕⊙21 ⊕⊙25 ⊕⊙29,
where
Λ23 = {F ∈ ⊗2R5 : Υ̂(F ) = 7F}, Λ27 = {F ∈ ⊗2R5 : Υ̂(F ) = −8F},
⊙21 = {S ∈ ⊗2R5 : Υ̂(S) = 14S} = {S = λg : λ ∈ R},
⊙25 = {S ∈ ⊗2R5 : Υ̂(S) = −3S}, ⊙29 = {S ∈ ⊗2R5 : Υ̂(S) = 4S}.
The representations Λ2j and ⊙2k of SO(3) are irreducible; the indices j and k indicate
their dimensions.
The space Λ23 will be used in the next section to define a twistor space.
If a = {a1, ..., a5} is an adapted basis of R5, set
(3)
κ1 = κ1(a) =
√
3a1 ∧ a5 + a2 ∧ a3 + a4 ∧ a5,
κ2 = κ2(a) =
√
3a1 ∧ a3 + a2 ∧ a5 + a3 ∧ a4,
κ3 = κ3(a) = 2a2 ∧ a4 + a3 ∧ a5.
Then {κ1, κ2, κ3} is an orthogonal basis of Λ23 with |κ1|2 = |κ2|2 = |κ3|2 = 5, the
metric on Λ2R5 being defined by g(x ∧ y, u ∧ v) = g(x, u)g(y, v)− g(x, v)g(y, u).
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2.2. Manifolds with an irreducible SO(3)-structure.
Let M be a 5-dimensional manifold. Suppose that the structure group of the
tangent bundle π : TM → M can be reduced to the group ı(SO(3)). Using an
atlas of trivializations of TM whose transition functions take values in ı(SO(3)),
we can define a Riemannian metric g and an orientation on M , and can transfer
the tensor Υ on R5 to a rank 3 tensor on M (since Υ is invariant under ı(SO(3))).
We denote this tensor on M again by Υ. Taking an adapted basis of R5 we can get
a local oriented orthonormal frame E1, ..., E5 of TM such that
Υ(X,X,X) =
1
2
x1(6x
2
2 + 6x
2
4 − 2x21 − 3x23 − 3x25)
+
3
√
3
2
x4(x
2
5 − x23) + 3
√
3x2x3x5
for X =
∑4
i=1 xiEi. A frame with this property will be called adapted. The set
of adapted bases of tangent spaces of M constitute the total space of a principal
ı(SO(3))-bundle AB(M) that is a reduction of the bundle of oriented orthonormal
frames of (M, g).
For every v ∈ TM , the linear map Υv : Tπ(v)M → Tπ(v)M defined by
g(Υv(x), y) = Υ(v, x, y), x, y ∈ Tπ(v)M,
has the following properties:
(i) Υv is totally symmetric, i.e.
g(u,Υv(w)) = g(w,Υv(u)) = g(u,Υw(v)), u, v, w ∈ Tπ(v)M ;
(ii) Υv is trace-free, TraceΥv = 0;
(iii) Υ2v(v) = g(v, v)v.
One of the important observations in [4] is that any rank 3 tensor on an oriented
Riemannian 5-manifold with the properties (i) - (iii) determines a reduction of
the structure group of TM to the group ı(SO(3)). Two reductions determined by
tensors Υ and Υ˜ are equivalent iff there is an isometry ϕ ofM such that ϕ∗(Υ˜) = Υ.
We shall say a 5-manifold M has an irreducible SO(3)-structure if the structure
group of TM can be reduced to the group ı(SO(3)). The topological obstructions
for existence of such a structure are discussed in [1, 5]. Examples of manifolds with
irreducible SO(3)-structures can be found in [1, 4, 5, 6].
Let (M, g,Υ) be an oriented Riemannian 5-manifold with an irreducible SO(3)-
structure determined by a rank 3 tensor Υ having the properties (i)− (iii).
The orthogonal decomposition (2) of ⊗2R5 gives rise to an orthogonal decompo-
sition
(4) ⊗2 TM = Λ23TM ⊕ Λ27TM ⊕⊙21TM ⊕⊙25TM ⊕ ⊙29TM,
where Λ23TM is the associated bundle AB(M)×ı(SO(3)) Λ23, etc.
Every SO(3)-connection ∇ on M is metric (∇g = 0) and preserves Υ (∇Υ = 0)
as well as the decomposition (4).
The curvature operator of ∇ at any point p ∈ M takes its values in Λ23TpM
(∼= so(3)). Note that for the curvature tensor R and the curvature operator R :
Λ2TM → Λ2TM we adopt the following definitions:
R(X,Y, Z) = −∇X∇Y Z +∇X∇Y Z +∇[X,Y ]Z,
g(R(X ∧ Y ), Z ∧ U) = g(R(X,Y )Z,U),
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for X,Y, Z, U ∈ TM .
3. The twistor space of a manifold with an irreducible
SO(3)-structure and almost contact metric structures on it
As in [4], define the twistor space of M as the sphere bundle
T = {σ ∈ Λ23TM : |σ|2 = 5}.
The radius of the fibre is chosen so that κ1, κ2, κ3 defined via (3) by means of an
adapted frame be sections of T. We can define four CR-structures on the manifold
T in the following way ([4]).
Henceforward the restrictions to Λ23TM and T of the bundle projection π :
Λ2TM →M will be denoted again by π. The tangent bundle of T will be considered
as a subbundle of the tangent bundle of the manifold Λ23TM . For every σ ∈ T, the
vertical space Vσ at σ of the bundle π : T→M (i.e. the tangent space at σ of the
fibre through σ) will be denoted by Vσ; clearly Vσ is the orthogonal complement of
σ in Λ23Tπ(σ)M .
Let ∇ be a SO(3)-connection on M . Then, as we have mentioned, ∇ preserves
Λ23TM , so it induces a connection on this vector bundle which we shall denote also
by ∇. For every σ ∈ T, the horizontal subspace Hσ of Tσ(Λ23TM) with respect
to ∇ is tangent to T since ∇ is metric. Thus, the tangent bundle of the twistor
space is the direct sum of its vertical bundle V and the horizontal bundle H of ∇:
TT = V ⊕H.
For σ ∈ T, set
ξσ =
1
4
∗ (σ ∧ σ),
where ∗ : Λ4TM → TM is the Hodge star operator. Denote by Hσ the orthogonal
complement of ξσ in Tπ(σ)M and give H
σ the orientation that yields the orientation
of Tπ(σ)M via the decomposition Tπ(σ)M = Rξσ⊕Hσ. Since (Hσ, g) is an oriented
Euclidean four-dimensional vector space, Λ2Hσ decomposes into self-dual and anti-
self-dual parts, Λ2Hσ = Λ2+H
σ ⊕ Λ2−Hσ. Denote by σ± the components of σ with
respect to this decomposition. The 2-vectors σ± determine two complex structures
Jσ± on the vector space H
σ compatible with its metric and ±-orientation. These
are given by
(5) g(Jσ±X,Y ) =
2
2± 1g(σ±, X ∧ Y ), X, Y ∈ H
σ.
For σ ∈ T, denote by (Hσ)hσ the horizontal lift at σ of the vector space Hσ with
respect to ∇. Let D → T be the subbundle of TT whose fibre at σ ∈ T is
Dσ = Vσ ⊕ (Hσ)hσ.
The fibre of the twistor bundle π : T → M is the unit sphere and we denote its
standard complex structure by J . Then, as is usual in the twistor theory, we define
almost complex structure J (n)± , n = 1, 2, on the bundle D setting
J (n)± V = (−1)n+1J for V ∈ Vσ, J (n)± Xhσ = (Jσ±X)hσ for X ∈ Hσ.
In this way we obtain four almost CR-structures (D,J (n)± ) on the manifold T.
We extend Jσ± to partially complex structures ϕ
σ
± on the space Tπ(σ)M , setting
ϕσ±(ξσ) = 0 and ϕ
σ
± = J
σ
± on H
σ. Then ϕσ± is g-skew-symmetric, (ϕ
σ
±)
2X =
−X + g(X, ξσ)ξσ for every X ∈ Tπ(σ)M , and Imϕσ± = Hσ, Kerϕσ± = Rξσ. Now
6 JOHANN DAVIDOV
we define partially complex structures Φ
(n)
± , n = 1, 2, of rank 6 on the manifold T
setting Φ
(n)
± = J (n)± on V and Φ(n)± Xhσ = (ϕσ±X)hσ for X ∈ Tπ(σ)M .
Remark. By ”partially complex structure” of rank 2k on a manifold N , 0 < 2k ≤
dimN , we mean an endomorphism F of TN of rank 2k such that F3 + F = 0.
Clearly, given such a structure, we have TN = ImF ⊕KerF and F is an almost
complex structure on the vector bundle ImF , so the name. Partially complex
structures are also called f -structures.
For any fixed t > 0, define a metric ht on T by
h(Xhσ + V, Y
h
σ +W ) = g(X,Y ) + tg(V,W ),
where V,W ∈ Vσ, X,Y ∈ Tπ(σ)M (this is the so-called canonical variation of the
Riemannian metric g [2]). Set χσ = (ξσ)
h
σ. Then (Φ
(n)
± , χ, ht) are almost contact
metric structures inducing the CR-structures (D,J (n)± ). We refer to [3] for general
facts about (almost) contact metric structures.
4. Normality of the almost contact metric structures on the
twistor space
Recall that any almost contact structure (ϕ, ξ, η) on a manifold N induces an
almost complex structure on the manifold N×S1 in a natural way ([3]). An almost
contact metric structure on N is said to be normal if the induced almost complex
structure onN×S1 is integrable. It is well-known that (ϕ, ξ, η) is a normal structure
if and only if the tensor N (1)(X,Y ) = ϕ2[X,Y ]+[ϕX,ϕY ]−ϕ[ϕX, Y ]−ϕ[X,ϕY ]+
dη(X,Y )ξ vanishes (see, for example, [3]; the definition of dη used here is twice the
one in [3]). This tensor for the almost contact structure (Φ
(n)
± , χ, ht) will be denote
by N
(n)
± .
4.1. Certain technicalities.
For any adapted basis a = {a1, ..., a5} of R5, define an orthogonal basis of Λ23
{κ1(a), κ2(a), κ3(a)} by means of (3).
The proof of the next statement contains formulas that will also be used latter
on.
Lemma 1. All bases {κ1(a), κ2(a), κ3(a)} determine the same orientation on the
vector space Λ23.
Proof. Let a = {a1, ..., a5} and a′ = {a′1, ..., a′5} be two adapted bases of R5. As we
have remarked, the group SO(3) acts transitively on the set of adapted bases, so
there is a matrix h in SO(3) such that ı(h) sends the basis a to the basis a′. Any
such a matrix h can be represented as the product hψ.hθ.hϕ of the SO(3)-matrices
hψ =

 cosψ sinψ 0− sinψ cosψ 0
0 0 1

 , hθ =

 0 0 1cos θ sin θ 0
− sin θ cos θ 0

 , hϕ =

− sinϕ cosϕ 00 0 1
cosϕ sinϕ 0

 .
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The matrix ı(hϕ) transforms the bases a = {a1, ..., a5} to the bases b = {b1, ..., b5}
where
(6)
b1 = −1
2
a1 −
√
3
2
a2 sin 2ϕ+
√
3
2
a4 cos 2ϕ,
b2 = −a3 sinϕ+ a5 cosϕ, b3 = a2 cos 2ϕ+ a4 sin 2ϕ,
b4 = −
√
3
2
a1 +
1
2
a2 sin 2ϕ− 1
2
a4 cos 2ϕ, b5 = a3 cosϕ+ a5 sinϕ.
For this basis, we have
(7)
κ1(b) = − sinϕκ1(a)− cosϕκ2(a), κ2(b) = κ3(a),
κ3(b) = cosϕκ1(a)− sinϕκ2(a).
Hence {κ1(a), κ2(a), κ3(a)} and {κ1(b), κ2(b), κ3(b)} yield the same orientation.
The matrix ı(hθ) transforms b = {b1, ..., b5} to c = {c1, ..., c5} with
(8)
c1 = −1
2
b1 +
√
3
2
b2 sin 2θ −
√
3
2
b4 cos 2θ, c2 = b3 cos θ + b5 sin θ,
c3 = −b3 sin θ + b5 cos θ, c4 =
√
3
2
b1 +
1
2
b2 sin 2θ − 1
2
b4 cos 2θ,
c5 = b2 cos 2θ + b4 sin 2θ.
It follows that
(9)
κ1(c) = κ3(b), κ2(c) = − cos θ κ1(b) + sin θ κ2(a),
κ3(c) = − sin θ κ1(b)− cos θ κ2(b).
Finally, the matrix ı(hψ) sends any adapted basis c = {c1, ..., c5} to the adapted
bases a′ = {a′1, ..., a′5} for which
(10)
a′1 = c1, a
′
2 = c2 cos 2ψ + c4 sin 2ψ,
a′3 = c3 cosψ + c5 sinψ
a′4 = −c2 sin 2ψ + c4 cos 2ψ, a′5 = −c3 sinψ + c5 cosψ.
This implies that
(11)
κ1(a
′) = cosψ κ1(c)− sinψ κ2(c), κ2(a′) = sinψ κ1(c) + cosψ κ2(a),
κ3(a
′) = κ3(c).
Now, the lemma follows from (7),(9), (11). 
For any κ ∈ Λ2R5, denote by Sκ the skew-symmetric endomorphism of Λ2R5
corresponding to κ: g(Sκ(x), y) = g(κ, x ∧ y).
Let (κ1, κ2, κ3) be the basis of Λ
2
3 defined via (3) by means of the standard basis
of R5. Then
[Sκ1 , Sκ2 ] = −Sκ3 , [Sκ2 , Sκ3 ] = −Sκ1 , [Sκ3 , Sκ1 ] = −Sκ2 .
Thus the map Λ23 ∋ κ → −Sκ can be used to defined on Λ23 the structure of a
3-dimensional Lie algebra isomorphic to so(3). Considering Λ23 with this structure,
the negative Killing form coincides with the metric of Λ23 induced by the metric of
Λ2R5.
Fix the orientation on Λ23 defined by Lemma 1. Then we have the following.
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Lemma 2. For every oriented orthogonal basis q1, q2, q3 of Λ
2
3 with |q1|2 = |q2|2 =
|q3|2 = 5, there is an adapted basis a = (a1, ..., a5) of R5 such that
q1 = κ1(a), q2 = κ2(a), q3 = κ3(a).
Proof. Consider Λ23 with the Lie algebra structure isomorphic to so(3) we have de-
fined above. Then it follows from (7),(9), (11) that the standard action of ı(SO(3))
on Λ23 ⊂ Λ2R5 coincides with the adjoint action of SO(3): Adh(Sκ) = ı(h)−1 ◦Sκ ◦
ı(h) for h ∈ SO(3), κ ∈ Λ23. Let (κ1, κ2, κ3) be the basis of Λ23 defined by means of
the standard basis (e1, ..., e5) of R
5. Then (q1, q2, q3) can be sent to (κ1, κ2, κ3) by
an orthogonal transformation of Λ23. Any such a transformation has the form Adh
for some h ∈ SO(3), so there is h ∈ SO(3) for which Sqj = ı(h)−1 ◦ Sκj ◦ ı(h) for
j = 1, 2, 3. Then the basis a = {al = ı(h)−1(el) : l = 1, ..., 5} is adapted and com-
puting the values of Sqj at a1, ..., a5 we see that Sqj = Sκj(a), j = 1, 2, 3. Therefore
qj = κj(a). 
Now take a point σ ∈ T. By Lemma 2, there is an adapted basis (a1, ..., a5) of
Tπ(σ)M such that σ = 2a2 ∧ a4 + a3 ∧ a5. In this basis, ξσ = 14 ∗ (σ ∧ σ) = −a1
and (a2, a4, a3, a5) is an oriented orthonormal basis of H
σ. Note that ıξσσ = 0.
Considering Λ2Hσ as a subspace of Λ2Tπ(σ)M , we have Λ
2Hσ = {τ ∈ Λ2Tπ(σ)M :
ıξστ = 0}; here and farther on ı : ΛkTM → Λk−1TM , 1 ≤ k ≤ 5, stands for the
interior product, g(ıXτ,X1 ∧ ...∧Xk−1) = g(τ,X ∧X1 ∧ ...∧Xk−1) for τ ∈ ΛkTM
and X,X1, ..., Xk−1 ∈ TM . If σ± are the Λ2±Hσ-components of σ, we have σ+ =
3
2 (a2 ∧ a4 + a3 ∧ a5), σ− = 12 (a2 ∧ a4 − a3 ∧ a5) in the adapted basis (a1, ..., a5) we
have chosen above. This shows that
(12) σ± =
1
2
(σ ± ıξσ(∗σ)).
Note also that, in view of (5),
g(ϕσ±X,Y ) =
2
2± 1g(σ±, X ∧ Y ), X, Y ∈ Tπ(σ)M,
since ıξσσ± = 0.
According to Lemma 1, the vector bundle Λ23TM admits an orientation for which
every (κ1, κ2, κ3) defined via (3) is an oriented frame. Denote by × the usual vector
product on the oriented Euclidean 3-dimensional vector space (Λ23TpM, gp), p ∈M .
Then the complex structure J of the fibre of T through σ is given by
J V = −σ × V, V ∈ Vσ.
Thus
Φ
(n)
± V = (−1)nσ × V for V ∈ Vσ,
Φ
(n)
± X
h
σ = (ϕ
σ
±X)
h
σ for X ∈ Tπ(σ)M.
4.2. Computation of the tensors N
(n)
± .
Further on, for any σ ∈ Λ2TM , the endomorphism Sσ of Tπ(σ)M determined by
σ and the metric g will also be denoted by σ.
Let (x1, ..., x5) be a local coordinate system of M and (E1, ..., E5) an adapted
frame of TM on U . Using this frame, define sections (κ1, κ2, κ3) of Λ
2
3TM by (3).
Set
(13) x˜α(τ) = xα ◦ π(τ), 1 ≤ α ≤ 5, yi(τ) = 1
5
g(τ, κi ◦ π(τ)), 1 ≤ i ≤ 3,
NORMALITY OF THE TWISTOR SPACE OF A 5-MANIFOLD WITH A SO(3)-STRUCTURE 9
for τ ∈ Λ23TM . Then (x˜α, yi) is a local coordinate system of the manifold Λ23TM .
For each vector field
X =
5∑
α=1
Xα
∂
∂xα
on U , its horizontal lift Xh is given by
(14) Xh =
5∑
α=1
(Xα ◦ π) ∂
∂x˜α
−
3∑
i,j=1
yi(g(∇Xκi, κj) ◦ π) ∂
∂yj
.
For τ ∈ Λ23TM , we have
(15) [Xh, Y h]τ = [X,Y ]
h
τ +R(X,Y )τ,
where R(X,Y )τ is the curvature of the connection ∇ on the vector bundle Λ23TM .
Set
f±αβ(σ) = g(ϕ
σ
±Eα, Eβ)
for σ ∈ (π|T)−1(U). Then
(16)
Φ
(n)
± X
h =
∑5
α,β=1(g(X,Eα) ◦ π)f±αβEhβ ,
(Φ
(n)
± )
2Xh =
∑5
α,β,γ=1(g(X,Eα) ◦ π)f±αβf±βγEhγ .
It is easy to see that, in the local coordinates x˜α, yi on T,
(17)
ξσ = (
1
2
y21 +
1
2
y22 − y23)E1 −
√
3y1y2E2 +
√
3y1y3E3 −
√
3
2
(y21 − y22)E4 −
√
3y2y3E5
for σ = y1κ1 + y2κ2 + y3κ3. Then, setting
hα(y) = g(ξσ, Eα),
we have
(18) f±αβ =
1
2± 1
3∑
i=1
yi[g(κi, Eα ∧ Eβ) ◦ π ±
5∑
ǫ=1
hǫ(y)g(∗κi, Eα ∧ Eβ ∧ Eǫ) ◦ π].
Notation. Fix a point σ ∈ T and take an adapted frame (E1, ..., E5) in a coordinate
neighbourhood U of the point p = π(σ) such that
∇Eα|p = 0, α = 1, ..., 5, and σ = (κ3)p,
where κ3 is defined via (3) by means of the frame (E1, ..., E5). We also use this
frame to define κ1 and κ2 by (3). Then ∇κi|p = 0, i = 1, 2, 3.
Choose local coordinates x1, ..., x5 of M on U and define local coordinates of T
by (13).
For w ∈ Λ23TM and τ ∈ T with π(w) = π(τ), we set
w˜τ = w − 1
5
g(w, τ)τ,
the Vτ -component of w.
Any section S of Λ23TM near the point p yields a (local) vertical vector field S˜
on T defined by
S˜τ = Sπ(τ) − 1
5
g(Sπ(τ), τ)τ.
We shall use this notation throughout this section and the following ones without
further referring to it.
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Lemma 3. Let X be a vector field on M and S a section of Λ23TM defined on a
neighbourhood of the point p = π(σ). Then:
[Xh, S˜]σ = ˜(∇XS)σ,
[Xh,Φ
(n)
± S˜]σ = Φ
(n)
± ˜(∇XS)σ,
[Φ
(n)
± X
h, S˜]σ =
˜(∇ϕσ±XpS
)
σ
− 1
2± 1{±3[g(Xp, ξσ)S˜σ(ξσ)− g(S˜σ(ξσ), Xp)ξσ] + [1 ± (−1)]S˜σX}
h
σ,
[Φ
(n)
± X
h,Φ
(n)
± S˜]σ = Φ
(n)
±
˜(∇ϕσ±XpS
)
σ
− 1
2± 1{±3[g(Xp, ξσ)(Φ
(n)
± S˜σ)(ξσ)− g((Φ(n)± S˜σ)(ξσ), Xp)ξσ]
+[1± (−1)](Φ(n)± S˜σ)X}hσ,
[(Φ
(n)
± )
2Xh, S˜]σ =
˜(∇
(ϕσ±)
2Xp
S
)
σ
− 1
2± 1{±3[g(Xp, ξσ)ϕ
σ
±(S˜σ(ξσ)) + g(ϕ
σ
±(S˜σ(ξσ)), Xp)ξσ ]
+[1± (−1)][ϕσ±(S˜σX) + S˜σ(ϕσ±X)}hσ,
[(Φ
(n)
± )
2Xh,Φ
(n)
± S˜]σ = Φ
(n)
±
˜(∇
(ϕσ±)
2Xp
S
)
σ
− 1
2± 1{±3[g(Xp, ξσ)ϕ
σ
±((Φ
(n)
± S˜σ)(ξσ)) + g(ϕ
σ
±((Φ
(n)
± S˜σ)(ξσ)), Xp)ξσ]
+[1± (−1)][ϕσ±((Φ(n)± S˜σ)X) + (Φ(n)± S˜σ)(ϕσ±X)}hσ.
Proof. In the local coordinates of T introduced above,
S˜ =
3∑
i=1
S˜i
∂
∂yi
where S˜i =
1
5
(g(S, κi) ◦ π − yi
3∑
j=1
yjg(S, κj) ◦ π).
Note that, since ∇κi|p = 0, i = 1, 2, 3, we have
(19) Xhσ =
∑5
α=1X
α(p)
( ∂
∂x˜α
)
σ
, [Xh,
∂
∂yi
]σ = 0, i = 1, 2, 3,
(∇XS)p = 1
5
3∑
i=1
Xp(g(S, κi))(κi)p.
Note also that, setting Si =
1
5g(S, κi) ◦ π, we have
(20) Φ
(n)
± S˜ = (y2S3 − y3S2)
∂
∂y1
+ (y3S1 − y1S3) ∂
∂y2
+ (y1S2 − y2S1) ∂
∂y3
.
Now the first and the second formulas of the lemma follow from (14) and (20).
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In view of (16),(18) and (19), we have
[Φ
(n)
± X
h, S˜]σ =
∑5
αβ=1
∑3
i=1 gp(X,Eα)f
±
αβ(σ)(Eβ)
h
σ(S˜i)
( ∂
∂yi
)
σ
− 1
2± 1{S˜1(σ)[±3gp(
√
3E1 ∧ E5, X ∧ Eβ) + [1± (−1)]gp(κ1, X ∧Eβ)]
+S˜2(σ)[±3gp(
√
3E1 ∧ E3, X ∧ Eβ) + [1± (−1)]gp(κ2, X ∧Eβ)]}(Eβ)hσ
=
˜(∇ϕσ±XpS
)
σ
− 1
2± 1{±3gp(ξσ ∧ S˜σ(ξσ), X ∧Eβ) + [1± (−1)]gp(S˜σ, X ∧ Eβ)}(Eβ)
h
σ
since (E1)p = −ξσ and
√
3E5 = κ1(E1),
√
3E3 = κ2(E1). This implies the third
formula. Using (16) and (20) we obtain the forth formula by a similar computation.
Identities (16) and (18) imply that
[(Φ
(n)
± )
2Xh, S˜]σ = ˜(D(ϕσ±)
2Xp
S)
σ
− 1
2± 1{±3[gp(ξσ ∧ S˜σ(ξσ), X ∧ Eβ)
+[1± (−1)]gp(S˜σ, X ∧ Eβ)]gp(ϕσ±Eβ , Eγ)
+[±3gp(ξσ ∧ S˜σ(ξσ), Eβ ∧ Eγ)
+[1± (−1)]gp(S˜σ, Eβ ∧ Eγ)]gp(ϕσ±X,Eβ)}(Eγ)hσ.
This gives the fifth formula of the lemma. The last one can be obtained by a similar
computation.

Proposition 1. The contact distribution of (Φ
(n)
± , χ, ht) is not integrable.
Proof. The section κ1 of Λ
2
3TM yields the vertical vector field κ˜1 on T given by
κ˜1 = (1− y21) ∂∂y1 − y1y2 ∂∂y2 − y1y3 ∂∂y3 . Put A =
√
3y1y3E
h
1 − (12y21 + 12y22 − y23)Eh3 .
Then κ˜1 and A are vector fields on T perpendicular to the characteristic vector
field χ. Bearing in mind identities (19) and the fact that σ = (κ3)π(σ), we easily
see that [κ˜1, A]σ =
√
3(E1)
h
σ = −
√
3χσ. Thus κ˜1 and A are sections of the contact
distributions whose Lie bracket is not a section of it. 
Lemma 4. Let σ ∈ T and let X,Y be vector fields near the point p = π(σ) such
that ∇X |p = 0, ∇Y |p = 0. Then, for any k, l = 0, 1, 2,
[(Φ
(n)
± )
kXh, (Φ
(n)
± )
lY h]σ = −(Tp((ϕσ±)kX, (ϕσ±)lY ))hσ +Rp((ϕσ±)kX, (ϕσ±)lY )σ,
n = 1, 2.
Proof. We have ∇κi|p = ∇(∗κi)|p = 0, i = 1, 2, 3, since ∇Eα|p = 0, 1 ≤ α ≤ 5.
Then it is clear from (18) and (19) that Zhσ(fαβ) = 0 for every Z ∈ TpM . In view
of the assumption ∇X |p = ∇Y |p = 0, an easy computation using (15) and (16)
gives the lemma. 
Denote the Levi-Civita connection of the metric ht by D. Let ∇LC be the Levi-
Civita connection of the metric g onM . Then the Koszul formula and the fact that
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the Lie bracket of a vertical and a horizontal vector field is a vertical vector field
imply
(DXhY
h)σ = (∇LCX Y )hσ +
1
2
R(X,Y )σ.
We have ∇XY = ∇LCX Y + 12T (X,Y ) since ∇ is a metric connection with skew-
symmetric torsion T . Thus
(21) (DXhY
h)σ = (∇XY − 1
2
T (X,Y ))hσ +
1
2
R(X,Y )σ.
Let V be a vertical vector field in a neighbourhood of a point σ ∈ T. Take a section
S of Λ23TM near the point p = π(σ) such that Sp = Vσ and ∇S|p = 0. We can also
find sections S1, S2 such that ∇S1|p = ∇S2|p = 0 and the corresponding vertical
vector fields S˜1, S˜2 constitute a frame of the vertical bundle V in a neighbourhood
of σ. Then the Koszul formula and the first identity of Lemma 3 imply that
(D
S˜
S˜k)σ ∈ Vσ. It follows that, for every vertical vector field W , DVW is a vertical
vector field. Thus the fibres of T are totally geodesic submanifolds. This also follows
from the Vilms theorem [9] (or [2]). Then DVX
h is orthogonal to every vertical
vector field, thus DVX
h is a horizontal vector field. Hence DVX
h = HDXhV since
[V,Xh] is vertical. Therefore
(22)
g(DVXh, Y h)σ = g(DXhV, Y
h)σ = −ht(V,DXhY h)σ = −
t
2
g(R(X,Y )σ, V ).
Lemma 5. Let V ∈ Vσ and X ∈ Tπ(σ)M . Then
(DXhχ)σ = −
1
2
(T (X, ξσ))
h
σ +
1
2
R(X, ξσ)σ, (DV χ)σ ∈ Hσ,
ht(DV χ,X
h)σ = g((J V )(ξσ), X) + t
2
g(R(X, ξσ)σ, V ).
Proof. We have
(23)
χ = (
1
2
y21 +
1
2
y22 − y23)Eh1 −
√
3y1y2E
h
2 +
√
3y1y3E
h
3 −
√
3
2
(y21 − y22)Eh4 −
√
3y2y3E
h
5
in view of (17). Identities (19), (23) and (21) imply
(DXhχ)σ = −DXhEh1 = 12 (T (X,E1))hσ − 12R(X,E1)σ =
− 12 (T (X, ξσ))hσ + 12R(X, ξσ)σ.
Let V = v1
( ∂
∂y1
)
σ
+ v2
( ∂
∂y2
)
σ
. Then, by (23),
(DV χ)σ = −(DVEh1 )σ + (
√
3v1E3 −
√
3v2E5)
h
σ =
−(DVEh1 )σ + ((v1κ2 − v2κ1)(E1))hσ = −(DVEh1 )σ + ((σ × V )(E1))hσ.
This and (22) imply the second identity of the lemma. Note also that (DVE
h
1 )σ ∈
Hσ, so (DV χ,Xh)σ ∈ Hσ. 
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Set
ηt(A) = ht(A,χ), Ω
(n)
± t(A,B) = ht(A,Φ
(n)
± B), A,B ∈ TT.
Corollary 1. If V,W ∈ Vσ and X,Y ∈ Tπ(σ)M , then
dηt(X
h
σ + V, Y
h
σ +W ) = −
1
2
[g(T (X, ξσ), Y )− g(T (Y, ξσ), X)]
±[g(ϕσ±X,W (ξσ))− g(ϕσ±Y, V (ξσ))].
In particular, dηt 6= 0 at every point and the almost contact structure (Φ(n)± , χ, ht)
is not contact, i.e. dηt 6= Ω(n)± t.
Proof. Note first that, for every V ∈ Vσ,
(24) (J (n)± V )(ξσ) = ±(−1)n+1Jσ±(V (ξσ)), n = 1, 2.
Indeed, it is easy to check this identity for V = (κ1)p and V = (κ2)p taking into ac-
count the fact that, since σ = (κ3)p, we have ξσ = −(E1)p, Hσ = span{E2, E4, E3, E5},
Jσ±E2 = E4, J
σ
±E3 = ±E5. By (24), we have
(J V )(ξσ) = (−1)n+1(Φn±V )(ξσ) = (−1)n+1(J (n)± V )(ξσ) = ±Jσ±(V (ξσ)) = ±ϕσ±(V (ξσ)).
Now Lemma 5 implies the formula for dηt stated in the corollary.
For σ = κ3, X = E3, W = κ1, we have dηt(X,W ) =
√
3. Thus dηt(X
h
σ ,W ) =
±g(E5,−
√
3E5) = ∓
√
3 while Ω
(n)
± t(X
h
σ ,W ) = 0. 
Corollary 2. Every integral curve of the characteristic vector field χ is a geodesic.
Recall that a metric connection is said to be characteristic if its torsion T (X,Y, Z)
= g(T (X,Y ), Z) is totally skew-symmetric. According to [4, Theorem 5.5] a SO(3)-
connection ∇ on M is characteristic if and only the tensor Υ satisfies the identity
(∇LCv Υ)(v, v, v) = 0 for every v ∈ TM where ∇LC is the Levi-Civita connection of
(M, g). In this case we say that the SO(3)-structure is nearly integrable by analogy
with the case of a nearly Ka¨hler structure. The characteristic connection of such
a structure is unique [ibid]. We refer to [1, 4, 6] for interesting example of nearly
integrable structures.
Corollary 3. If ∇ is the characteristic connection, then:
(i) The vector field χ is conformally Killing only when it is Killing.
(ii) χ is Killing if and only if ∇ is of constant curvature t−1.
Proof. Suppose that Lχht = λht for some constant λ, L being the Lie derivative.
According to Lemma 5, this identity is equivalent to the identities g(T (X, ξσ), Y )+
g(T (Y, ξσ), X) = −2λg(X,Y ) and tg(R(X, ξσ)σ, V )+g((J V )(ξσ), X) = 0 for every
σ ∈ T, X,Y ∈ Tπ(σ)M , V ∈ Vσ. The first of these identities holds if and only if
λ = 0 since the torsion is skew-symmetric. Take an adapted basis (a1, ..., a5) of
Tπ(σ)M . Then, in view of (17), the second identity is equivalent to
(25) tg(R(X, aα)σ, V ) + g(J V (aα), X) = 0, α = 1, ..., 5.
Using the fact that R is the curvature tensor of a metric connection, one can check
that, for every σ, τ ∈ Λ23TpM ,
(26) g(R(X,Y )σ, τ) = −g(R(X ∧ Y ), σ × τ), X, Y ∈ TpM.
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It follows that identity (25) is equivalent to tg(R(X ∧ Y ),J V ) = g(J V,X ∧ Y ).
The latter identity holds if and only if tg(R(X ∧ Y ), τ) = g(X ∧ Y, τ) for every
τ ∈ Λ23Tπ(σ)M , hence tR = P since R takes its values in Λ23TM . 
Lemma 3, identity (24) and Corollary 1 imply the following.
Proposition 2. If V ∈ Vσ, σ ∈ T, and X ∈ Tπ(σ)M , then
N
(n)
+ (X
h
σ , V ) = {[(−1)n+1 − 1]g(X, ξσ)(J (n)+ V )(ξσ)+
[(−1)n + 1]g((J (n)+ V )(ξσ), X)ξσ}hσ;
N
(n)
− (X
h
σ , V ) = {3[(−1)n + 1]g(X, ξσ)(J (n)− V )(ξσ)+
[(−1)n + 3]g((J (n)− V )(ξσ), X)ξσ + 2(J (n)− V )(X)− 2ϕσ−(V X)}hσ.
Lemma 4 and Corollary 1 imply
Proposition 3. Let σ ∈ T and X,Y ∈ Tπ(σ)M . Then
N
(n)
± (X
h
σ , Y
h
σ ) = {T (X,Y )− T (ϕσ±X,ϕσ±Y ) + ϕσ±T (ϕσ±X,Y ) + ϕσ±T (X,ϕσ±Y )}hσ
−R(X,Y )σ +R(ϕσ±X,ϕσ±Y )σ − J (n)± R(ϕσ±X,Y )σ − J (n)± R(X,ϕσ±Y )σ.
Proposition 4. The almost contact structures (Φ
(1)
− , χ, ht) and (Φ
(2)
± , χ, ht) are
not normal.
Proof. Take σ = κ3 for an adapted basis {E1, ..., E5} and set V = (κ1)π(σ), X =
E3. We have ξσ = −E1, J (n)± V = (−1)n(κ2)π(σ), ϕσ−E2 = E4, ϕσ−E3 = −E5.
Then, by the Proposition 2, N
(1)
− (E
h
3 , κ1)σ = 2(E4)
h
σ, N
(2)
+ (E
h
3 , κ1)σ = 2
√
3(E1)
h
σ,
N
(2)
− (E
h
3 , κ1)σ = 2(
√
3E1 + E4)
h
σ. 
In order to analyze the normality condition N
(1)
+ = 0, we need, in view of Propo-
sition 3, some preliminaries on the curvature tensor R of ∇.
4.3. A curvature decomposition.
Since ∇ is a SO(3)-connection, the curvature operator at any point p ∈M takes
its values in Λ23TpM , i.e. R ∈ Hom(Λ2TM,Λ23TM).
The irreducible components ofHom(Λ2,Λ23), where Λ
2 = Λ2R5, under the action
of SO(3) have been described in [4, Proposition 5.8]. To state the result of [4] we
introduced the following notation. Given a map K ∈ Hom(Λ2,Λ2), we denote:
- the corresponding 4-tensor by K, i.e.
K(X,Y, Z, U) = g(K(X ∧ Y ), Z ∧ U), X, Y, Z, U ∈ R5,
where g stands for the metric on Λ2 induced by the standard metric of R5;
- the Ricci tensor of K – by ρK ,
ρK(X,Y ) = Trace{(Z,U)→ K(X,Z, Y, U)};
- the symmetric and skew-symmetric parts of ρK – by ρ
+
K and ρ
−
K ,
ρ±K(X,Y ) =
1
2
(ρK(X,Y )± ρK(Y,X));
- the scalar curvature of K – by sK , sK = Trace ρK ;
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- the anti-symmetrization of K – by AK .
Then we have the following.
Proposition 5. ([4]) The map
K → (AK , ρ−K , sKg, ρ+K −
1
5
sKg)
is an equivariant isomorphism
Ψ : Hom(Λ2,Λ23)→ Λ4 ⊕ (Λ23 ⊕ Λ27)⊕⊙21 ⊕ (⊙25 ⊕⊙29).
Note that the summands on the right-hand side are irreducible under the SO(3)-
action. We shall give a description of their images in Hom(Λ2,Λ23) under the inverse
isomorphism Ψ−1.
Denote by P : Λ2 = Λ23 ⊕ Λ27 → Λ23 the orthogonal projection onto Λ23. Given a
form ν ∈ Λ4, let N : Λ2 → Λ2 be the associated symmetric linear map defined by
g(N (X ∧ Y ), Z ∧ U) = ν(X ∧ Y ∧ Z ∧ U). Set
Kν = 10
3
P ◦ N .
Lemma 6. Ψ(Kν) = ν.
Proof. Let {E1, ..., E5} be an adapted basis of R5 and let {κ1, κ2, κ3} be the corre-
sponding basis of Λ23 defined via (3).
Taking into account the skew-symmetry of ν, one can easily see by a straight-
forward computation that
ρKν (X,Z) =
2
3
5∑
α=1
3∑
i=1
ν(X ∧ Eα ∧ κi)g(κi, Z ∧ Eα) = 0.
For the anti-symmetrization of Kν , we have
AKν (X,Y, Z, U) =
1
9
5∑
α=1
3∑
i=1
[ν(X ∧ Y ∧ κi)g(κi, Z ∧ U) + ν(Z ∧ U ∧ κi)g(κi, X ∧ Y )
+ν(Y ∧ Z ∧ κi)g(κi, X ∧ U) + ν(X ∧ U ∧ κi)g(κi, Y ∧ Z)
+ν(Z ∧X ∧ κi)g(κi, Y ∧ U) + ν(Y ∧ U ∧ κi)g(κi, Z ∧X)].
It is easy to check by means of this formula that (AKν) = ν on the standard basis
of Λ4 yielded by {E1, ..., E5}. Thus (AKν) = ν on Λ4 and the lemma is proved. 
Now, let η ∈ ⊗2R5 and denote again by η the endomorphism of R5 determined
by the form η via g(η(X), Y ) = η(X,Y ). The form η is the Ricci tensor of the
operator Λ2 → Λ2 defined by X ∧ Y → η(X) ∧ Y +X ∧ η(Y ). Since we need an
operator with values in Λ23, we consider P(η(X)∧ Y +X ∧ η(Y )). It is not hard to
check that the anti-symmetrization of the corresponding 4-tensor vanishes on the
standard basis of Λ4 yielded by an adapted basis of R5. To find the Ricci tensor,
we note first that a direct computation gives
3∑
i=1
g(κiX,κiY ) =
3∑
i=1
5∑
α=1
g(X,κiEα)g(Y, κiEα) = 6g(X,Y ).
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Then∑5
α=1
∑3
i=1 g(η(X) ∧ Eα, κi)g(κi, Z ∧Eα) =
∑3
i=1 g(κi(η(X)), κi(Z))
= 6g(η(X), Z) = 6η(X,Z).
Moreover, in the cases when η is ether symmetric or skew-symmetric, we have∑5
α=1
∑3
i=1 g(X ∧ η(Eα), κi)g(κi, Z ∧ Eα)
=
∑5
α=1
∑3
i=1 g(κiX, η(Eα)g(κiZ,Eα) = ±
∑3
i=1 η(κiX,κiZ)
where the plus sign corresponds to the case when η is symmetric and the minus
sign– to the case of a skew-symmetric form η. This suggests to define a (symmetric,
respectively, skew-symmetric) form setting
(27) η′(X,Z) = Trace{Λ23 ∋ σ → η(σX, σZ)}.
Set
K−η (X ∧ Y ) =
5
6
P(η(X) ∧ Y +X ∧ η(Y ) + η′(X) ∧ Y +X ∧ η′(Y )).
Lemma 7. If η ∈ Λ2, then Ψ(K−η ) = η.
Proof. Since η is skew-symmetric, η′(X ∧Z) = η(∑3i=1 κiX ∧κiZ) and one can see
by a direct computation that
2∑
i=1
κiX ∧ κiZ =
3∑
i=1
g(κiX,Z)κi =
3∑
i=1
g(X ∧ Z, κi)κi = 5P(X ∧ Z).
Thus, η′ = 5η ◦ P . Then the anti-symmetrization of the 4-tensor K−η vanishes and
its Ricci tensor is equal to η. 
Now set
K+η (X ∧ Y ) =
5
18
P(5η(X) ∧ Y + 5X ∧ η(Y )− η′(X) ∧ Y −X ∧ η′(Y ))
Lemma 8. In the notation (2), if η ∈ ⊙25 ⊕⊙29, then Ψ(K+η ) = η.
Proof. We set η′′ = (η′)′ for any symmetric form η. Then a simple (but tedious)
computation shows that
η′(X,Z) + η′′(X,Z) = 12η(X,Y ) + 6Trace η.g(X,Z).
Noting that the last term vanishes when η is orthogonal to g, we get the lemma. 
The preceding considerations give also the following.
Lemma 9. Ψ(
5
6
P) = g.
4.4. Conditions for normality of (Φ
(1)
+ , χ, ht).
Now, in order to give necessary and sufficient conditions for normality of the
almost contact metric structure (Φ
(1)
+ , χ, ht), we define a tensor on M as follows.
The definition ξσ =
1
4 ∗ (σ ∧ σ) makes sense for every σ ∈ Λ23TM . Note that we
have g(ξσ, ξσ) = |σ|4. We extend also the definition of the operator ϕσ+ setting
ϕσ+X =
1
3 ıX(σ|σ|2 + ıξσ(∗σ)) for σ ∈ Λ23TM and X ∈ Tπ(σ)M . As above, let AR
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be the anti-symmetrization of the curvature 4-tensor R and ρ+R the symmetric part
of the Ricci tensor. Set
η = ρ+R −
1
5
sRg
and
(28)
Q(σ,X) = 12[AR(ξσ ∧ ϕσ+X ∧ σ)−AR(ξσ ∧ ıXσ ∧ σ)|σ|2]
+5[g(X, ξσ)η(ξσ, ξσ)− η(X, ξσ)g(ξσ, ξσ)− η(ϕσ+(ıXσ), ξσ)].
Let (κ1, κ2, κ3) be the frame of Λ
2
3TM defined by means of an adapted frame
(a1, ..., a5) of TM via formulas (3). Then, for σ = y1κ1+y2κ2+y3κ3, the coefficients
of ξσ in the basis (a1, ..., a5) are homogeneous polynomials of degree 2 in y1, y2, y3
while the coefficients of ϕσ+X , X-fixed, in the basis ai∧aj are homogeneous polyno-
mials in y1, y2, y3 of degree 3. Thus Q(σ,X) is a homogeneous polynomial of degree
6 in σ and is linear in X . Therefore Q(σ,X) determined a section of the bundle
⊙6Λ23TM ⊗TM . The latter is a subbundle of ⊗13TM , so Q can be considered as a
section of ⊗13TM , i.e. as a tensor on M . This tensor will again be denoted by Q.
We need the following.
Lemma 10. We have:
Q(σ, ξσ) = 0,
Q(σ,X) = 0 for every X ∈ V(ξσ) = {V (ξσ) : V ∈ Vσ},
Q(σ,X) = −6AR(ξσ ∧ ıXσ ∧ σ)|σ| + 5η(X, ξσ)g(ξσ, ξσ) for X ∈ (Rξσ ⊕ V(ξσ))⊥.
Proof. The identity Q(σ, ξσ) = 0 is obvious in view of the identities ϕ
σ
+(ξσ) = 0
and ıξσσ = 0. Since Q(σ,X) is homogeneous in σ, to prove the remaining identities
of the lemma, we may assume that |σ|2 = 5. Then, by Lemma 2, we can take
an adapted basis a = (a1, ..., a5) of Tπ(σ)M such that σ = κ3(a). Recall that in
this case ξσ = −a1, Hσ = span{a2, a4, a3, a5}, ϕσ+a2 = a4, ϕσ+a3 = a5. Moreover,
Vσ = span{κ1, κ2}, so V(ξσ) = span{a3, a5} and (Rξσ ⊕ V(ξσ))⊥ = span{a2, a4}.
Thus ıXσ = ϕ
σ
+X for X ∈ V(ξσ), ıXσ = 2ϕσ+X for X ∈ (Rξσ ⊕ V(ξσ))⊥, and the
result follows. 
Theorem 1. Suppose that the SO(3)-structure on M is nearly integrable. Then
the almost contact structure (Φ
(1)
+ , χ, ht) is normal if and only if ∗T ∈ Λ23TM , the
tensor Q and the ⊙29, and Λ27-components of R vanish.
Proof. Let V , W be vertical vectors at a point σ ∈ T and X,Y ∈ Tπ(σ)M . The
restriction of Φ
(1)
+ to the vertical bundle is a complex structure, so, in view of
Corollary 1, N
(1)
+ (V,W ) = 0. We also have N
(1)
+ (X
h
σ , V ) = 0 by Proposition 2.
Therefore, in view of Proposition 3, the almost contact structure (Φ
(1)
+ , χ, ht) is
normal if and only if
(29) T (X,Y )− T (ϕσ+X,ϕσ+Y ) + ϕσ+T (ϕσ+X,Y ) + ϕσ+T (X,ϕσ+Y ) = 0
and
R(X,Y )σ −R(ϕσ+X,ϕσ+Y )σ + J (1)+ R(ϕσ+X,Y )σ + J (1)+ R(X,ϕσ+Y )σ = 0.
In view of (26), the latter identity is is equivalent to
(30) g(R(−X ∧ Y + ϕσ+X ∧ ϕσ+Y ), σ × τ) + g(R(ϕσ+X ∧ Y +X ∧ ϕσ+Y ), τ) = 0
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for every σ, τ ∈ T with π(σ) = π(τ), σ ⊥ τ and every X,Y ∈ Tπ(σ)M .
Identity (29) is equivalent to vanishing of the following tensor
T˜ (X,Y, Z) = g(T (X,Y ), Z)− g(T (ϕσ+X,ϕσ+Y ), Z)
−g(T (ϕσ+X,Y ), ϕσ+Z)− g(T (X,ϕσ+Y ), ϕσ+Z)
Take an adapted basis (a1, ..., a5) of TpM , p = π(σ), such that σ = κ3, so ξσ =
−a1, ϕσ+a2 = a4, ϕσ+a3 = a5. Since the torsion is totally skew-symmetric, the
tensor T˜ is also skew-symmetric, hence T˜ = 0 exactly when T˜ (ai, aj, ak) = 0 for
1 ≤ i < j < k ≤ 5. Direct computation shows that these identities hold if and only
if g(T (a1, a2), a3)− g(T (a1, a4), a5) = 0 and g(T (a1, a2), a5) + g(T (a1, a4), a2) = 0.
The latter identities are equivalent to
(31) g(T (Jσ+X, J
σ
+Y ), ξσ) = g(T (X,Y ), ξσ)
for every X,Y ∈ Hσ.
Suppose that the torsion T satisfies this condition. Take a point p ∈ M and
an adapted basis {a1, ..., a5} of TpM . Define {κ1, κ2, κ3} by means of (3). Set
Tijk = g(T (ai, aj), ak), i, j, k = 1, ..., 5. For σ = κ1, we have ξσ =
1
2a1 −
√
3
2 a4
by (17), hence 23σ+ = (
√
3
2 a1 +
1
2a4) ∧ a5 + a2 ∧ a3 by (12). Thus, in this case,
Jσ+(
√
3
2 a1 +
1
2a4) = a5 and J
σ
+a2 = a3. Then identity (31) with X =
√
3
2 a1 +
1
2a4,
Y = a2 and X =
√
3
2 a1 +
1
2a4, Y = a3 gives
(32) T135 +
√
3T345 = 2T124, T125 +
√
3T245 = −2T134.
If σ = κ2, then ξσ =
1
2a1+
√
3
2 a4 and
2
3σ+ = (
√
3
2 a1− 12a4)∧a3 + a2 ∧a5. It follows
from (31) that
(33) T135 −
√
3T345 = 2T124, T123 +
√
3T234 = −2T145.
For σ = κ3, we have ξσ = −a1, 23σ+ = a2 ∧ a4 + a3 ∧ a5 and by (31)
(34) T145 = T123, T134 = T125.
Moreover, for σ = 1√
2
(κ1 + κ2), we have ξσ =
1
2a1 −
√
3
2 a2, hence
2
3σ+ = (
√
6
4 a1 +√
2
4 a2 +
2
√
2
4 a4)∧ a5 + (
√
6
4 a1 +
√
2
4 a2 − 2
√
2
4 a4) ∧ a3. In this case identity (31) gives
(35) 2T124 = T135 −
√
3T235.
The first identities of (32) and (33) imply
(36) T345 = 0, 2T124 − T135 = 0.
This and (35) give
(37) T235 = 0.
The second identities of (32) and (33), and identity (34) imply
(38)
√
3T134 + T245 = 0,
√
3T145 + T234 = 0.
Thus, according to (34), (36) – (38), the 2-form ∗T vanishes on the following basis
of (Λ23TpM)
⊥: a2∧a3−a4∧a5, a2∧a5−a3∧a4, a1∧a2, a2∧a4− 2a3∧a5, a1∧a4,
a1 ∧ a3 −
√
3a2 ∧ a5, a1 ∧ a5 −
√
3a2 ∧ a3. Therefore ∗T ∈ Λ23TpM .
Conversely, assume that the latter condition holds for every p ∈M . Take σ ∈ T
and choose and adapted basis {a1, ..., a5} of TpM , p = π(σ), such that σ = κ3.
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Then, at the point p, identity (31) is equivalent to identities (34). Obviously, these
identities are satisfied since ∗T vanishes on a2 ∧ a3 − a4 ∧ a5 and a2 ∧ a5 − a3 ∧ a4.
Now we address the problem when identity (30) holds for every σ, τ ∈ T with
π(σ) = π(τ), σ ⊥ τ and every X,Y ∈ Hσ.
In the notation of Proposition 5, denote the component ofR in Ψ−1(Λ4), Ψ−1(Λ23⊕
Λ27), Ψ
−1(⊙25 ⊕⊙29) by A, B−, B+, respectively. Then, in view of Lemma 9,
(39) R = 5sR
6
P +A+ B− + B+.
Take σ ∈ T and choose an adapted basis {a1, ..., a5} of TpM , p = π(σ), such
that σ = κ3. Then H
σ = span{a2, a4, a3, a5} and ϕσ+a2 = a4, ϕσ+a3 = a5.
It is easy to check that for every X,Y ∈ Hσ and τ ∈ T, τ ⊥ σ, we have
−X ∧ Y + ϕσ+X ∧ ϕσ+Y ⊥ τ . This implies
g(P(−X ∧ Y + ϕσ+X ∧ ϕσ+Y ), σ × τ) + g(P(ϕσ+X ∧ Y +X ∧ ϕσ+Y ), τ) = 0.
Next, in view of Lemma 6 (with ν = AR), it is easy to check that
g(A(−X ∧ Y + ϕσ+X ∧ ϕσ+Y ), σ × τ) + g(A(ϕσ+X ∧ Y +X ∧ ϕσ+Y ), τ) = 0.
Now, let η be a bilinear form on TpM . For X,Y ∈ Hσ and τ ∈ T with π(τ) = π(σ),
set
(40)
Eη(X,Y, σ, τ) =
g(−η(X) ∧ Y −X ∧ η(Y ) + η(ϕσ+X) ∧ ϕσ+Y + ϕσ+X ∧ η(ϕσ+Y ), σ × τ)
+g(η(ϕσ+X) ∧ Y + ϕσ+X ∧ η(Y ) + η(X) ∧ ϕσ+Y +X ∧ η(ϕσ+Y ), τ).
We have
(41)
Eη(X,Y, σ, τ) = −Eη(Y,X, σ, τ), Eη(ϕσ+X,ϕσ+Y, σ, τ) = −Eη(X,Y, σ, τ),
Eη(X,ϕσ+X, σ, τ) = 0,
Eη(a2, a3, κ3, κ1) = Eη(a2, a5, κ3, κ2) = 2(η(a2, a4) + η(a4, a2)),
Eη(a2, a3, κ3, κ2) = −Eη(a2, a5, κ3, κ1) = 2(η(a2, a2)− η(a4, a4)).
In view of Lemma 7 (with η = ρ−R), this implies that, for τ ⊥ σ, X,Y ∈ Hσ,
g(B−(−X ∧ Y + ϕσ+X ∧ ϕσ+Y ), σ × τ) + g(B−(ϕσ+X ∧ Y +X ∧ ϕσ+Y ), τ) = 0.
If η is symmetric, then
η(a2, a4) = −4η′(a2, a4), η(a2, a2)− η(a4, a4) = −4(η′(a2, a2)− η′(a4, a4)),
where, as above, η′(X,Z) = Trace{Λ23 ∋ σ → η(σX, σZ)}. The latter identities,
(41) and Lemma 8 imply that for η ∈ ⊙25TpM ⊕⊙29TpM
(42)
g(K+η (−X ∧ Y + ϕσ+X ∧ ϕσ+Y ), σ × τ) + g(K+η (ϕσ+X ∧ Y +X ∧ ϕσ+Y ), τ)
= 5Eη(X,Y, σ, τ).
It follows that identity (30) holds for every σ, τ ∈ T with π(σ) = π(τ), σ ⊥ τ and
for every X,Y ∈ Hσ if and only if
Eη(X,Y, σ, τ) = 0
where η = ρ+R −
1
5
sRg.
Suppose identity (30) holds for σ, τ ∈ T with π(σ) = π(τ), σ ⊥ τ andX,Y ∈ Hσ.
Let p ∈M and let {a1, ..., a5} be an adapted basis of TpM . Define {κ1, κ2, κ3} by
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means of this basis. Set ηαβ = η(aα, aβ) for η = ρ
+
R −
1
5
sRg, α, β = 1, ..., 5. Then
(41) gives
η24 = 0, η22 − η44 = 0.
If σ = κ2, then ϕ
σ
+(
√
3
2 a1 − 12a4) = a3, ϕσ+a2 = a5 and (40) implies
√
3η14 − 3
2
η11 + 2η33 − 1
2
η44 = 0,
√
3η13 − η34 = 0.
For σ = κ1, we have ϕ
σ
+(
√
3
2 a1 +
1
2a4) = a5, ϕ
σ
+a2 = a3 and we obtain from (40)
that √
3η14 +
3
2
η11 − 2η55 + 1
2
η44 = 0,
√
3η15 + η45 = 0.
Every adapted basis (a1, ..., a5) can be used to obtain a new adapted basis
(a′1, ..., a
′
5) by means of formulas (10). According to the preceding considerations,√
3η(a′1, a
′
3)− η(a′3, a′4) = 0. In view of (10), this identity can be written as
(
√
3η13 + 2η25 sin
2 ψ) cosψ + (
√
3η15 + 2η23 cos
2 ψ) sinψ
−(η34 cosψ + η45 sinψ) cos 2ψ = 0.
Taking ψ =
π
4
and ψ =
3π
4
, we obtain
(
√
3η13 + η25) + (
√
3η15 + η23) = 0, −(
√
3η13 + η25) + (
√
3η15 + η23) = 0
Thus, we have √
3η13 + η25 = 0,
√
3η15 + η23 = 0.
Finally, consider the adapted basis {c1, ..., c5} obtained from {a1, ..., a5} by means
of formulas (8). Then η(c2, c2) = η(c4, c4) and we obtain the identity
−3
4
η11 − 1
4
η22 sin
2 2θ + η33 cos
2 θ + η55 sin
2 θ
−(
√
3
2
η12 − η35) sin 2θ − (
√
3
2
η14 +
1
2
η24 sin 2θ − 1
4
η44 cos 2θ) cos 2θ = 0.
Taking θ =
π
4
and θ =
3π
4
, we get
−3
4
η11 − 1
4
η22 +
1
2
η33 +
1
2
η55 = 0,
√
3η12 − 2η35 = 0.
Thus, the form η = ρ+R −
1
5
sRg vanishes on the vectors a2 ⊙ a4, a2 ⊙ a2 − a4 ⊙ a4,
2
√
3a1⊙a4− 3a1⊙a1+4a3⊙a3−a4⊙a4,
√
3a1⊙a3−a3⊙a4, 2
√
3a1⊙a4+3a1⊙
a1−4a5⊙a5+a4⊙a4,
√
3a1⊙a5+a4⊙a5,
√
3a1⊙a3+a2⊙a5,
√
3a1⊙a5+a2⊙a3,
3a1⊙a1+a2⊙a2−2a3⊙a3−2a5⊙a5,
√
3a1⊙a2−2a3⊙a5. This vectors constitute
a basis of ⊙29TpM . It follows that the ⊙29-component of R vanishes.
Conversely, suppose that ⊙29-component of R vanishes. Let σ ∈ T and take an
adapted basis {a1, ..., a5} of TpM , p = π(σ), such that σ = κ3. By assumption,
the form η = ρ+R −
1
5
sRg vanishes on the vectors a2 ⊙ a4 and a2 ⊙ a2 − a4 ⊙ a4.
Hence, by (41), Eη(X,Y, σ, τ) = 0 for every σ, τ ∈ T with π(σ) = π(τ), σ ⊥ τ and
X,Y ∈ Hσ. Then, by (42),
g(K+η (−X ∧ Y + ϕσ+X ∧ ϕσ+Y ), σ × τ) + g(K+η (ϕσ+X ∧ Y +X ∧ ϕσ+Y ), τ) = 0.
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Now, it follows from the preceding considerations that identity (30) holds for σ, τ ∈
T with π(σ) = π(τ), σ ⊥ τ and X,Y ∈ Hσ.
Next, note that, in view of (26), identity (30) holds for σ ∈ T, X ∈ Hσ and
Y = ξσ if and only if
(43) g(R(X ∧ ξσ), σ × τ) − g(R(ϕσ+X ∧ ξσ), τ) = 0
for every σ ∈ T, τ ∈ Vσ, X ∈ Hσ. Let p ∈ M , σ ∈ Λ23TpM , |σ|2 = 5. Taking
an adapted basis a = (a1, ..., a5) of TpM such that σ = κ3(a), it is easy to check
that the operator P satisfies identity (43). Suppose that this identity holds. Let
a = (a1, ..., a5) be an arbitrary adapted basis of TpM . Set ρ
−
αβ = ρ
−
R(aα, aβ),
η = ρ+R −
1
5
sRg and ηαβ = η(aα, aβ), α, β = 1, ..., 5. Recall that for σ = κ1(a), we
have ξσ =
1
2a1 −
√
3
2 a4, X =
√
3
2 a1 +
1
2a4 ∈ Hσ and ϕσ+X = a5. Set τ = κ2(a).
Then, by a computation using (39), we get from (43) that
3
√
3((
√
3η12 − 2η35) + η24) + 3ρ−12 −
√
3(ρ−24 − 2ρ−35) = 0.
We have
√
3η12 − 2η35 = 0 and η24 = 0 since the ⊙29-component of R vanishes, i.e
η vanishes on ⊙29TM . Hence
(44) 3ρ−12 −
√
3(ρ−24 − 2ρ−35) = 0.
Similarly, applying (43) with σ = κ1(a), τ = κ3(a), X =
√
3
2 a1 +
1
2a4 and taking
into account (39) and the fact that η| ⊙29 TM = 0, we get
(45) (ρ−13 −
√
3ρ−34) + 2(ρ
−
13 −
√
3ρ−25) = 0.
If σ = κ2(a), then ξσ =
1
2a1 +
√
3
2 a4, X =
√
3
2 a1− 12a4 ∈ Hσ and ϕσ+X = a3. Then,
putting τ = κ1(a) and τ = κ3(a) in (43), we obtain the identities
(46) 3ρ−12 +
√
3(ρ−24 − 2ρ−35) = 0, (ρ−15 −
√
3ρ−45) + 2(ρ
−
15 −
√
3ρ−23) = 0.
For σ = κ3(a), X = a2, identity (43) with τ = κ1(a) and τ = κ2(a) gives
(47) ρ−23 − ρ−45 = 0, ρ−25 − ρ−34 = 0.
We also set σ = 1√
2
(κ1(a)+κ2(a)). Then ξσ =
1
2a1−
√
3
2 a2, X =
√
3
2 a1+
1
2a2 ∈ Hσ
and ϕσ+X =
1√
2
(a3 + a5). Setting τ = κ1(a)− κ2(a) in (43), we obtain
(48)
√
3ρ−14 + (ρ
−
24 − 2ρ−35) = 0.
Identities (44) - (48) imply that ρ−R vanishes on the bi-vectors a1∧a2, a2∧a4−2a3∧
a5, a1∧a4, a2∧a3−a4∧a5, a2∧a5−a3∧a4, a1∧a5−
√
3a4∧a5, a1∧a3−
√
3a3∧a4.
These bi-vectors form a basis of the space Λ27TpM . Hence ρ
−
R|Λ27TpM = 0. This
means that Λ27-component of R vanishes. Now, let σ ∈ T be arbitrary. Take an
adapted basis a = (a1, ..., a5) of Tπ(σ)M such that σ = κ3(a) and apply (43) with
X = a3 and τ = κ1(a), Then a computation making use of Lemmas 6–8 gives
24A1235 + ρ
−
14 + (−4
√
3η33 + 4
√
3η55 − 2η14) = 0
where A1235 = AR(a1 ∧ a2 ∧ a3 ∧ a5). We have ρ−14 = 0 since ρ−R|Λ27TM = 0 and
−4√3η33 + 4
√
3η55 − 2η14 = 10η14 since η| ⊙29 TM = 0. Thus
12AR(a1 ∧ a2 ∧ a3 ∧ a5) + 5η(a1, a4) = 0
Applying (43) with X = a3 and τ = κ2(a) we get by a similar computation that
12AR(a1 ∧ a3 ∧ a4 ∧ a5) + 5η(a1, a2) = 0.
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The left-hand sides of the last two identities are equal to−Q(κ3, a4) and−Q(κ3, a2),
respectively. It follows thatQ(σ,X) = 0 forX ⊥ (V(ξσ)⊕Rξσ). This and Lemma 10
imply that Q(σ,X) = 0 for every σ ∈ T, X ∈ Tπ(σ)M . It follows that Q = 0 in
view of the homogeneity of Q(σ;X) in σ.
Conversely, suppose that ∗T ∈ Λ23TM , Q = 0 and the ⊙29, and Λ27-components
of R vanish. Fix an arbitrary σ ∈ T and take an adapted basis of Tπ(σ)M for which
σ = κ3. Then it is easy to check that identities (29) and (30) are fulfilled. 
The next statement, combined with Lemma 10, might be useful to check the
condition Q = 0.
Lemma 11. Let A be a skew-symmetric 4-form and η a symmetric bilinear form
on R5 such that η|⊙29 = 0. Define a tensor Q by (28) with AR = A.
Suppose that Q(qi, X) = 0, i = 1, 2, 3, for an orthogonal basis q1, q2, q3 of Λ
2
3
with |q1|2 = |q2|2 = |q3|2 = 5 and every X ∈ R5.
Then Q(σ,X) = 0 for every σ ∈ Λ23 and every X ∈ R5.
Proof. It is enough to show that Q(σ,X) = 0 in the case when |σ| = 5. We may as-
sume that the basis q1, q2, q3 yields the orientation of Λ
2
3. Then, by Lemma 2,
there are adapted bases a = (a1, ..., a5) and a
′ = (a′1, ..., a
′
5) of R
5 such that
q1 = κ1(a), q2 = κ2(a), q3 = κ3(a) and σ = κ1(a
′). Since the group SO(3) acts
transitively on the set of adapted bases, there is a matrix h in SO(3) such that ı(h)
sends the basis a to the basis a′. We shall use the notation in the proof of Lemma 1.
First we show that Q(τ,X) = 0 for τ = κ1(b), κ2(b), κ3(b) where κi(b), i = 1, 2, 3,
are given by (7) and the adapted basis b = (b1, ..., b5) is defined by (6). If τ = κ1(b),
then ξτ =
1
2b1 −
√
3
2 b4 =
1
2a1 −
√
3
2 a4 sin 2ϕ +
√
3
2 a4 cos 2ϕ and (Rξτ ⊕ V(ξτ ))⊥ =
span{
√
3
2 b1 +
1
2b4, b5} where
√
3
2 b1 +
1
2b4 = −
√
3
2 a1 − 12a2 sin 2ϕ + 12a4 cos 2ϕ and
b5 = a3 cosϕ + a5 sinϕ. Set Aαβγδ = A(aα ∧ aβ ∧ aγ ∧ aδ) and ηαβ = η(aα, aβ),
α, β, γ, δ = 1, ..., 5. Then, applying Lemma 10, we obtain
Q(κ1(b),
√
3
2 b1 +
1
2b4) =
sin 2ϕ
2
(12A1345 + 5η12)− cos 2ϕ
2
(12A1235 + 5η14)
−√3(6A2345 + 5
4
η11 − 5
4
η22 sin
2 2ϕ− 5
4
η44 cos
2 2ϕ)− 5
√
3
4
η24 sin 4ϕ.
We also have
12A1345 + 5η12 = −Q(κ3(a), a2) = 0,
12A1235 + 5η14 = −Q(κ3(a), a4) = 0,
−6A1235 + 6
√
3A2345 +
5
4
(
√
3η11 − 2η14 −
√
3η44) = Q(κ1(a),
√
3
2
a1 +
1
2
a4) = 0.
The last two identities imply
6A2345 +
5
4
(η11 − η44) = 0.
We have η22 = η44 and η24 = 0 since η|⊙29 = 0. It follows that
Q(κ1(b),
√
3
2
b1 +
1
2
b4) = 0.
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It is easy to compute that
Q(κ1(b), b5) = Q(κ1(a), a5) sinϕ+Q(κ2(a), a3) cosϕ
+
5
√
3
2
(η45 − η23) sin 2ϕ cosϕ− 5
√
3
2
(η25 + η34) sin 2ϕ sinϕ.
By assumption, Q(κ1(a), a5) = Q(κ2(a), a3) = 0 and η45 − η23 = 0, η25 + η34 = 0.
Thus,
Q(κ1(b), b5) = 0.
Similar computations show also that
Q(κ2(b),
√
3
2
b1 − 1
2
b4) = Q(κ2(b), b3) = 0,
Q(κ3(b), b2) = Q(κ3(b), b4) = 0.
Now Lemma 10 implies that Q(τ,X) = 0 for τ = κ1(b), κ2(b), κ3(b) and X ∈
R5. Using this, (8) and (9) we see in a similar way that Q(τ,X) = 0 for τ =
κ1(c), κ2(c), κ3(c). The latter identity, (10) and (11) imply Q(κ1(a
′), X) = 0. 
Examples. 1. According to [4, Theorem 4.7] every 5-manifold M with an irre-
ducible SO(3)-structure whose characteristic connection coincides with the Levi-
Civita connection is locally isometric to one of the following symmetric space R5,
SU(3)/SO(3), SL(3,R)/SO(3). The Riemannian metric of these spaces is Einstein.
It is flat only for M = R5; in the other two cases it is not even conformally flat
[ibid.]. Clearly we have ρ−R = 0, ρ
+
R −
1
5
sRg = 0. Also, by the algebraic Bianchi
identity, AR = 0, hence Q = 0. Thus, by Theorem 1, the almost contact structure
of the twistor space of M is normal.
2. Consider SO(2) as a subgroup of SO(3) via the standard diagonal imbedding
A→ (1, A). Then SO(2) can also be considered as a subgroup of SO(3)×SO(1, 2)
by means of the map SO(2) ∋ A → (A2, A). It is shown in the proof of [4,
Proposition 6.3 ] that for every t ∈ R\{0} there exists linearly independent invariant
1-forms θ˜1, ..., θ˜5 such that:
(1) the tensors
g˜ = θ˜21+....+θ˜
2
5, Υ˜ =
1
2
θ˜1(6θ˜
2
2+6θ˜
2
4−2θ˜21−3θ˜23−3θ˜25)+
3
√
3
2
θ˜4(θ˜
2
5−θ˜23)+3
√
3θ˜2θ˜3θ˜5
descend to a nearly integrable irreducible SO(3)-structure (g,Υ) on the 5-dimensional
manifold M = (SO(3)× SO(1, 2))/SO(2),
(2) if θ1, ...., θ5 is the co-frame on M induced by the forms θ˜1, ..., θ˜5, the torsion
3-form T and the curvature tensor R of the characteristic connection are given by
T = t(θ1 ∧ θ2 ∧ θ4 + 2θ1 ∧ θ3 ∧ θ5),
g(R(X,Y )Z,U) = 2t2g(X ∧ Y, κ3)g(κ3, Z ∧ U) X,Y, Z, U ∈ TM,
where κ3 is defined by means of the dual frame E1, ..., E5 of θ1, ...., θ5 (note: the
curvature tensor used here differs by a sign from that used in [4]).
We refer also to [1] for more information about the irreducible SO(3)-structure
on M = (SO(3)× SO(1, 2))/SO(2).
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Clearly ∗T = −t(2θ2 ∧ θ4 + θ3 ∧ θ5) ∈ Λ23T ∗M . For the Ricci tensor ρ we have
the following identities
ρ(E1, Eα) = 0, ρ(E2, Eα) = 8t
2δ2α, ρ(E3, Eα) = 2t
2δ3α,
ρ(E4, Eα) = 8t
2δ4α, ρ(E5, Eα) = 2t
2δ5α, α = 1, ..., 5.
Hence ρ− = 0, in particular the Λ27-component of R vanishes. Set η = ρ+ −
1
5
sg
where s is the scalar curvature. Then
η(E1, Eα) = −4t2δ1α, η(E2, Eα) = 4t2δ2α, η(E3, Eα) = −2t2δ3α,
η(E4, Eα) = 4t
2δ4α, η(E5, Eα) = −2t2δ5α, α = 1, ..., 5.
This implies that η vanishes on the basis of ⊙29TM we have used in the proof of
Theorem 1, thus the ⊙29-component ofR vanishes. If AR is the anti-symmetrization
of the curvature tensor, set Aijkl = AR(Ei ∧ Ej ∧ Ek ∧ El). Then A1235 = 0,
A2345 = − 4t23 , thus
Q(κ1,
√
3
2 E1 +
1
2E4) =
−6A1235 + 6
√
3A2345 +
5
4 (
√
3η11 − 2η14 −
√
3η44) = −18
√
3t2 6= 0.
Therefore, by Theorem 1, the almost contact metric structure (Φ
(1)
+ , χ, ht) is not
normal.
5. Addendum
In this section we give a new proof of the integrability result of [4] for the almost
CR-structures (D,J (n)± ) on the manifold T defined at the beginning of Section 3.
Recall that an almost Cauchy-Riemann (CR) structure on a manifold N is a pair
(D,J ) of a subbundle D of the tangent bundle TN and an almost complex structure
J of the bundle D. For any two sections X,Y of D, the value of [X,Y ]modD at
a point p ∈ N depends only on the values of X and Y at p, so we have a skew-
symmetric bilinear form ω : D × D → TN/D defined by ω(X,Y ) = [X,Y ]modD
and called the Levi form of the almost CR-structure (D,J ). If the Levi form is
J -invariant, we can define the Nijenhuis tensor of the almost CR-structure (D,J )
by
NCR(X,Y ) = −[X,Y ] + [JX,J Y ]− J ([JX,Y ] + [X,J Y ]);
its value at a point p ∈ N lies in D and depends only on the values of the sections
X,Y at p. An almost CR-structure is said to be integrable if its Levi form is J -
invariant and the Nijenhuis tensor vanishes. An integrable almost CR-structure is
called simpy a CR-structure. Let DC = D1,0 ⊕ D0,1 be the decomposition of the
complexification of D into (1, 0) and (0, 1) parts with respect to J . If the almost
CR-structure (D,J ) is integrable, then the bundle D1,0 satisfies the following two
conditions:
D1,0 ∩ D1,0 = 0, [Γ(D1,0),Γ(D1,0)] ⊂ Γ(D1,0)
where Γ(D1,0) stands for the space of smooth sections of D1,0. Conversely, suppose
we are given a complex subbundle E of the complexified tangent bundle TCN such
that E ∩ E¯ = 0 and [Γ(E),Γ(E)] ⊂ Γ(E) (a bundle with these properties is often also
called a ”CR-structure”). SetD = {X ∈ TN : X = Z+Z¯ for some (unique)Z ∈ E}
and put JX = −Im Z for X ∈ D. Then (D,J ) is an integrable almost CR-
structure such that D1,0 = E .
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5.1. The Levi form of the almost CR-structures on the twistor space.
Lemma 12. Let A,B ∈ Dσ be horizontal vectors and V,W ∈ Dσ vertical ones at
a point σ ∈ T. Then the Levi form ω(n)± of the almost CR-structure (D,J (n)± ) is
given by:
ω
(n)
± (A,B) = −gp(T (π∗A, π∗B), ξσ)(ξσ)hσ,
ω
(n)
± (V,W ) = 0,
ω
(n)
± (A, V ) = ±gp(π∗A, Jσ±(V (ξσ))(ξσ)hσ.
Proof. Take vector fields X and Y near the point p = π(σ) such that Xp = π∗A,
Yp = π∗B and ∇X |p = ∇Y |p = 0. Then −(Φ(n)± )2Xh and −(Φ(n)± )2Y h are sections
of D with values A and B at the point σ, so
ω
(n)
± (A,B) = ((Φ
(n)
± )
2 + Id)[(Φ
(n)
± )
2Xh, (Φ
(n)
± )
2Y h]σ.
The tangent vectors Xp, Yp are orthogonal to ξσ and Lemma 4 implies
ω
(n)
± (A,B) = −((ϕσ±)2(Tp(X,Y )))hσ − (Tp(X,Y ))hσ = −gp(T (X,Y ), ξσ)(ξσ)hσ.
Extend V and W to vertical vector fields of T on a neighbourhood of σ. These
vector fields are section of D, whose Lie bracket is a vertical vector field, hence a
section of D. Therefore
ω
(n)
± (V,W ) = 0.
Finally, take a section S of Λ23TM near the point p such that Sp = V and
∇S|p = 0. Then, by Lemma 3, we have
ω
(n)
± (A, V ) = ((Φ
(n)
± )
2 + Id)([−(Φ(n)± )2Xh, S˜]σ) =
1
2± 1{±3gp(ϕ
σ
±(V (ξσ)), X)(ξσ)
h
σ
+[1± (−1)][(ϕσ±)2(V ◦ ϕσ±(X)) + V ◦ ϕσ±(X)]hσ} =
1
2± 1{±3gp(ϕ
σ
± ◦ V (ξσ), X) + [1± (−1)]gp(V ◦ ϕσ±(X), ξσ)}(ξσ)hσ =
1
2± 1{±3 + [1± (−1)]}gp(ϕ
σ
± ◦ V (ξσ), X)(ξσ)hσ.
Note that V (ξσ) is orthogonal to ξσ since the map V is skew-symmetric. Hence
ϕσ±(V (ξσ)) = J
σ
±(V (ξσ)). This implies the third formula of the lemma.

Corollary 4. (i) The Levi form ω
(1)
+ , respectively ω
(2)
− , is J (1)+ -invariant, respec-
tively J (2)− -invariant, if and only if
g(T (Jσ±X, J
σ
±Y ), ξσ) = g(T (X,Y ), ξσ)
for every σ ∈ T and X,Y ∈ Tπ(σ)M , X,Y ⊥ ξσ.
(ii) The Levi form ω
(1)
− is not J (1)− -invariant and ω(2)+ is not J (2)+ -invariant.
Proof. By Lemma 12 and identity (24), if A ∈ Dσ is a horizontal vector and V ∈ Vσ,
ω
(n)
± (J (n)± A,J (n)± V ) = ±(−1)n+1ω(n)± (A, V ).
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This and Lemma 12 imply (i). Also, ω
(2)
+ is J (2)+ -invariant if and only if ω(2)± (A, V ) =
0 for every A and V . By Lemma 12, we have ω
(2)
+ ((E3)
h
σ, (κ1)p) = −
√
3. Thus ω
(2)
+
is not J (2)+ -invariant. Similarly, ω(1)− is not J (1)− -invariant .

Corollary 5. ([4]) The almost CR-structures (D,J (1)− ), (D,J (2)± ) are not inte-
grable.
Proof. According to Corollary 4, the almost CR-structures (D,J (1)− ) and (D,J (2)+ )
are not integrable. Denote by N
(2)
− be the Nijenhuis tensor of the CR-structure
(D,J (2)− ). Then, using Lemma 3, one easily computes that N (2)− ((E2)hσ, (κ1)p) =
−4(E5)hσ 6= 0, so (D,J (2)− ) is not integrable. 
Proposition 6. If ∇ is the characteristic connection, the Levi form ω(1)+ is J (1)+ -
invariant if and only if ∗T ∈ Λ23TM .
Proof. By Corollary 4, ω
(1)
+ is J (1)+ -invariant if and only if
g(T (Jσ+X, J
σ
+Y ), ξσ) = g(T (X,Y ), ξσ)
for σ ∈ T, X,Y ∈ Tπ(σ)M , X,Y ⊥ ξσ. 
This, in fact, is identity (31). As we have seen in the proof of Theorem 1 it is
equivalent to ∗T ∈ Λ23TpM .
5.2. The Nijenhuis tensor of the almost CR-structure (D,J (1)+ ) on the
twistor space.
Denote the Nijenhuis tensor of the CR-structure (D,J (1)+ ) by NCR. Then we
have the following.
Lemma 13. Let A,B ∈ Dσ be horizontal vectors and V,W ∈ Dσ vertical ones
at a point σ ∈ T. Let X = π∗A, Y = π∗B. Suppose that the Levi form ω(1)+ is
J -invariant. Then:
NCR(A,B) = −R(X,Y )σ +R(Jσ+X, Jσ+Y )σ − J (1)+ (R(Jσ+X,Y )σ +R(X, Jσ+Y )σ).
NCR(A, V ) = 0, NCR(V,W ) = 0.
Proof. Take vector fields X and Y near the point p = π(σ) such that Xp = π∗A,
Yp = π∗B and ∇X |p = ∇Y |p = 0. Then −(Φ(1)+ )2Xh and −(Φ(1)+ )2Y h are sections
ofD with valuesA and B at the point σ, soNCR(A,B) = NCRσ ((Φ(1)+ )2Xh, (Φ(1)+ )2Y h).
Then Lemma 4 and Corollary 4 imply the first identity of the lemma.
Take a section S of Λ23TM near the point p such that Sp = V and DS|p = 0.
The vertical vector field S˜ determined by S takes value V at the point σ. Then
Lemma 3 and identity (24) give
NCR(A, V ) = −NCR((Φ(1)+ )2Xh, S˜)σ = 0.
The restriction of J (1)+ to any vertical space is the complex structure of the corre-
sponding fibre of T, hence NCR(V,W ) = 0. 
NORMALITY OF THE TWISTOR SPACE OF A 5-MANIFOLD WITH A SO(3)-STRUCTURE 27
Proposition 7. The Nijenhuis tensorNCR vanishes if and only if the⊙29-component
of R vanishes.
Proof. By Lemma 13 and Proposition 3, the condition NCR = 0 is the same as
VN (1)+ (Xhσ , Y hσ ) = 0 for every σ ∈ T and X,Y ∈ Hσ. We have seen in the proof of
Theorem 1 that the latter condition is equivalent to vanishing of the ⊙29-component
of R. 
5.3. Integrability of the almost CR-structure (D,J (1)+ ) on the twistor
space.
Propositions 6 and 7 imply the following.
Theorem 2. ([4]) Suppose that the SO(3)-structure on M is nearly integrable.
Then the almost CR structure (D,J (1)+ ) on the twistor space T defined by means
of the characteristic connection is integrable if and only if ∗T ∈ Λ23TM and the
⊙29-component of the curvature vanishes.
Remark. It is a result of Ianus [8] (see [3, Theorem 6.57]) that any normal al-
most contact metric structure induces an integrable almost CR-structure. It is
well-known that the converse is not true. The almost contact metric structure
(Φ
(1)
+ , χ, ht) in Example 2 above also gives a counterexample. As we have seen as
an application of Theorem 1, it is not normal, although the induced CR structure
(D,J (1)+ ) is integrable by Theorem 2.
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